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On the nite bloking property
Thierry Monteil
∗
Abstrat
A planar polygonal billiard P is said to have the nite bloking property if for
every pair (O,A) of points in P there exists a nite number of bloking points
B1, . . . , Bn suh that every billiard trajetory from O to A meets one of the Bi's.
Generalizing our onstrution of a ounter-example to a theorem of Hiemer and
Snurnikov (see [Mo℄), we show that the only regular polygons that have the nite
bloking property are the square, the equilateral triangle and the hexagon. Then
we extend this result to translation surfaes. We prove that the only Veeh surfaes
with the nite bloking property are the torus branhed overings. We also provide a
loal suient ondition for a translation surfae to fail the nite bloking property.
This enables us to give a omplete lassiation for the L-shaped surfaes as well
as to obtain a density result in the spae of translation surfaes in every genus g ≥ 2.
Keywords: bloking property, polygonal billiards, regular polygons, translation sur-
faes, Veeh surfaes, torus branhed overing, illumination, quadrati dierentials.
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1
Introdution
When studying the motion of a point-mass in a polygonal billiard P, we work on the
phase spae X = P × S1 suitably quotiented: we identify the points (p1, θ1) and (p2, θ2)
if p1 = p2 is on the boundary of P and if the angles θ1 and θ2 are suh that the Desartes
law of reetion is respeted (see Figure 1).
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Figure 1: The Desartes law: the inidene angle equals the angle of reetion.
The phase spae enjoys also suh a global deomposition in the study of the dynamis
on a translation surfae.
There are essentially two points of view depending on whether the variable is the rst or
the seond projetion:
1. We an x one (or a nite number of) partiular diretion: this orresponds for
rational billiards to the study of the diretional ow in a translation surfae (we are
interested by the ergodi properties depending on whether θ is a saddle onnetion
diretion or not) (see [KMS℄, [Ve℄, [MT℄, [Vo℄). It is also useful for nding periodi
trajetories in irrational billiards by starting perpendiularly to an edge (see [ST℄).
This point of view is the most studied.
2. We an also x one (or a nite number of) point in P and look at whih points
we an reah when we let θ move. This lass of problems is alled illumination
problems. The rst published question seems to appear in [Kl℄ (see [KW℄ for a more
preise story). The rst published result in this diretion seems to be the paper
of George W. Tokarski (see [To℄) who nds a polygon that is not illuminable from
every point. Independently, Mihael Boshernitzan onstruted suh an example in
a orrespondene with Howard Masur (see [Bos℄).
We are interested here in an illumination problem alled the nite bloking property.
A planar polygon (resp. translation surfae) P is said to have the nite bloking property
if for every pair (O,A) of points in P, there exists a nite number of points B1, . . . , Bn
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(dierent from O and A) suh that every billiard trajetory (resp. geodesi) from O to
A meets one of the Bi's.
In this paper we will primarily fous on translation surfaes. The paper is organized as
follows: in setion 1, we will give some denitions and prove that the nite bloking prop-
erty is stable under branhed overing, stable under the Zemljakov-Katok's onstrution,
and stable under the ation of GL(2,R). Setion 2 is devoted to the study of Hiemer
and Snurnikov's proof, leading to some omments about the nite property in the torus
R2/Z2. In setion 3, we prove a loal suient ondition for a translation surfae to fail
the nite bloking property (Lemma 1). The aim of the next two setions is to prove the
following theorems:
Theorem 1. Let n ≥ 3 be an integer. The following assertions are equivalent:
• the regular n-gon has the nite bloking property.
• the right-angled triangle with an angle equal to pi/n has the nite bloking property.
• n ∈ {3, 4, 6}.
Theorem 2. A Veeh surfae has the nite bloking property if and only if it is a torus
overing, branhed at only one point.
The last setion is devoted to some other appliations of Lemma 1, suh as
Proposition 10. Let a and b be two positive real numbers. Then the L-shaped surfae
L(a, b) has the nite bloking property if and only if (a, b) ∈ Q2.
Theorem 3. In genus g ≥ 2, the set of translation surfaes that fail the nite bloking
property is dense in every stratum.
Aknowledgement: I would like to thank Martin Shmoll for introduing me to the
subjet, Kostya Kokhas and Serge Troubetzkoy for historial omments, Anton Zorih
for helpful disussions and Pasal Hubert for enouragements to write this paper.
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1 Denitions and rst results
1.1 Translation surfaes and geodesis
A translation surfae is a triple (S,Σ, ω) suh that S is a topologial ompat on-
neted surfae, Σ is a nite subset of S (whose elements are alled singularities) and
ω = (Ui, φi)i∈I is an atlas of S \ Σ (onsistent with the topologial struture on S) suh
that the transition maps (i.e. the φj ◦ φ−1i : φi(Ui ∩ Uj)→ φj(Ui ∩ Uj) for (i, j) ∈ I2) are
translations. This atlas gives to S \Σ a Riemannian struture; we therefore have notions
of length, angle, measure, geodesi... We assume moreover that S is the ompletion of
S \ Σ for this metri. We will sometimes use the notation (S,Σ) or simply S to refer to
(S,Σ, ω). A singularity σ ∈ Σ is said to be removable if there exists an atlas ω′ ⊃ ω suh
that (S,Σ \ {σ}, ω′) is a translation surfae.
There are many onventions about what happens if a geodesi γ meets one singularity
σ ∈ Σ. Some people want to stop γ here; some other people want to extend γ with
a multi-geodesi path; other people want to extend γ after σ if and only if σ is an
removable singularity. The nite bloking property does not depend on the onvention
sine, for every pair (O,A) of points in S, we an always add the set Σ \ {O,A} (that
is nite) to a bloking onguration. Therefore, if (S,Σ) is a translation surfae, if E is
a nite subset of S that we want to add in Σ as removable singularities, then (S,Σ) has
the nite bloking property if and only if (S,Σ ∪ E) has it.
1.2 Branhed overings
A branhed overing between two translation surfaes is a mapping pi : (S,Σ) → (S ′,Σ′)
that is a topologial branhed overing that loally preserves the translation struture.
Proposition 1. Let pi : (S,Σ) → (S ′,Σ′) be a overing of translation surfaes branhed
on a nite set R′ ⊂ S ′. Then S has the nite bloking property if and only if S ′ has.
Proof: ⇒ : Suppose that S has the nite bloking property. Let (O′, A′) be a pair of
points in S ′. Let O be a point hosen in pi−1({O′}). If A ∈ pi−1({A′}), there exists a nite
set BA of points in S \ {O,A} suh that every geodesi in S from O to A meets BA. Let
B′ def=

 ⋃
A∈pi−1({A′})
pi(BA) ∪ R′

 \ {O′, A′}.
Let γ′ : [a, b]→ S ′ be a geodesi from O′ to A′. Up to a restrition, we an suppose that
γ′(]a, b[) ∩ {O′, A′} = ∅. Suppose by ontradition that γ′([a, b]) ∩ B′ = ∅. In partiular,
γ′(]a, b[) ∩ R′ = ∅. So, γ′ an be lifted to a geodesi γ : [a, b] → S ′ from O to some
A ∈ pi−1({A′}) suh that pi ◦ γ = γ′. Then, there exists t ∈]a, b[ suh that γ(t) ∈ BA.
Hene γ′(t) ∈ B′, leading to a ontradition. So, B′ is a nite bloking onguration and
S ′ has the nite bloking property.
⇐ : Suppose that S ′ has the nite bloking property. Let (O,A) be a pair of points in
S. Let O′ def= pi(O) and A′ def= pi(A). There exists a nite set B′ ⊂ S ′ \ {O′, A′} suh that
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every geodesi in S ′ from O′ to A′ meets B′. Let
B def= pi−1(B′) ⊂ S \ {O,A}.
Let γ : [a, b] → S be a geodesi from O to A. γ an be pushed to a geodesi γ′ def=
pi ◦ γ : [a, b] → S ′ from O′ to A′. Then, there exists t ∈]a, b[ suh that γ′(t) ∈ B′. Hene
γ(t) ∈ B. So, B is a nite bloking onguration and S has the nite bloking property.

1.3 Rational billiards vs translation surfaes
Let P denote a polygon in R2, whose set of verties is denoted by V . Let Γ ⊂ O(2,R)
be the group generated by the linear parts of the reetions in the sides of P. When Γ is
nite, we say that P is a rational polygonal billiard. When P is simply onneted, P is
rational if and only if all the angles between edges are rational multiples of pi.
A lassial onstrution due to Zemljakov and Katok (see [ZK℄, [MT℄) allows us to asso-
iate to eah rational billiard P a translation surfae ZK(P) as follows:
Let (Pγ)γ∈Γ be a family of |Γ| disjoint opies of P, eah Pγ = γ(P) being rotated by the
element γ ∈ Γ. If γ ∈ Γ, if e is an edge of Pγ , let δ ∈ Γ be the linear part of the reetion
in e; we identify e ∈ Pγ with δ(e) ∈ Pδγ . We set:
ZK(P) def=
⊔
γ∈Γ
Pγ / ∼
where ∼ is the relation above. The translation struture of eah
◦
Pγ∈ R2 an be extended
to an atlas of
⋃
γ∈Γ Pγ \ γ(V ), that gives to ZK(P) a translation struture whose set of
singularities is Σ =
⋃
γ∈Γ γ(V ).
In other terms, P tiles ZK(P) whih an be written as ZK(P) = ⋃γ∈Γ ψγ(P) where the
ψγ 's are isometries. Let
ψ
def
=
(
ZK(P) −→ P
x 7−→ (ψγ |ψγ(P))
−1(x) if x ∈ ψγ(P)
)
.
ψ is well dened sine if x ∈ ψγ(P) ∩ ψδ(P), then (ψγ |ψγ (P))
−1(x) = (ψδ |ψδ(P))
−1(x) (this
is just the ompatibility with ∼). Moreover, ψ is a pieewise isometry.
Proposition 2. Let P be a rational polygonal billiard. Then ZK(P) has the nite blok-
ing property if and only if P has.
Proof: it is very similar to the proof given in subsetion 1.2 (ψ plays the role of pi).
Indeed, for the diretion⇒, if (O′, A′) is a pair of points in P, if O is hosen in ψ−1({O′}),
then for eah A in ψ−1({A′}), there exists a nite set BA of points in ZK(P) \ {O,A}
suh that every geodesi in ZK(P) from O to A meets BA. Then
B′ def=

 ⋃
A∈ψ−1({A′})
ψ(BA) ∪ V

 \ {O′, A′} =
(⋃
γ∈Γ
ψ(Bψγ (A′)) ∪ V
)
\ {O′, A′}
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is a nite bloking onguration between O′ and A′, thus P has the nite bloking prop-
erty.
For the diretion ⇐, if (O,A) is a pair of points in ZK(P), there exists a nite set B′ of
points in P \ {ψ(O), ψ(A)} suh that every billiard path in P from ψ(O) to ψ(A) meets
B′. Then
B def= ψ−1(B′) ⊂ ZK(P) \ {O,A}
is a nite bloking onguration between O and A, thus ZK(P) has the nite bloking
property.

Unfolding a billiard table: ombining propositions 1 and 2, we have (see [MT℄) the:
Proposition 3. Let P and P ′ be two rational polygonal billiards suh that P is obtained
by reeting P ′ at its edges nitely many times, without overlapping (we allow some bar-
riers along parts of some sides of opies of P ′ inside P). Sine there exists a branhed
overing from ZK(P) to ZK(P ′), then P has the nite bloking property if and only if
P ′ has.
1.4 Ation of GL(2,R)
If A ∈ GL(2,R), we an dene the translation surfae
A.(S,Σ, (Ui, φi)i∈I) def= (S,Σ, (Ui, A ◦ φi)i∈I);
hene we have an ation of GL(2,R) on the lass of translation surfaes. We lassially
onsider only elements of SL(2,R) (see [MT℄), but we do not need to preserve area here.
Proposition 4. Let S be a translation surfae and A be in GL(2,R). Then S has the
nite bloking property if and only if A.S has.
Proof: suh an ation sends geodesi to geodesi.

To summarize this setion, we an say that the nite bloking property enjoys many
properties of stability. As an illustration, it sues to apply suessively propositions
2, 1, 4, 2, 3 and to follow a onstrution of [M℄, to redue the problem of the nite
bloking property for the billiard in the regular pentagon to the problem in the ⊥-shaped
billiard studied in [Mo℄ with parameters α = 1 + 2 cos(2pi/5), L1 = 1, L2 = 2 cos(2pi/5).
It is proved there that this billiard table fails the nite bloking property (α ∈ R \Q).
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2 Some remarks around Hiemer and Snurnikov's proof
In their artile [HS℄, Philipp Hiemer and Vadim Snurnikov tried to prove that any ratio-
nal billiard P has the nite bloking property.
For this, they use the subgroup GP of Isom(R2) generated by the reetions at the edges
of the polygon P. In the proof of their theorem 5, they onstrut a nite number of points
in R2 alled the Pi,λ's and hoose a bloking point arbitrarily in eah orbit of the Pi,λ's
under the ation of the group GP on R2 (the (i, λ)'s belong to GP/TP × {0, 1/2}dimQ TP ).
The polygon P drawn on Figure 2 is a rational one but the subgroup TP of GP onsisting
of translations is dense in R2 (identied with the group of all translations of R2), sine
Z +
√
2Z is dense in R. Hene the orbit of any point of the plane under GP is dense in
the plane and therefore in P (whih is the losure of an open set).
PSfrag replaements
√
2
√
2
1
1
Figure 2: A rational polygonal billiard whose translation group is dense in R2.
Now, if we take two points O and A in P suh that the segment [O,A] is inluded in P,
we an hoose all the bloking points in a small open set U ⊂ P whih does not interset
[O,A]. Suh points annot blok the diret path from O to A (see Figure 3).
PSfrag replaements √
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Figure 3: The diret path from O to A does not meet the points in U .
Hene the proof in [HS℄ does not work. In fat, we have shown in [Mo℄ that the billiard
table drawn in Figure 2 fails the nite bloking property. Meanwhile, the proof given in
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[HS℄ (theorem 5) works for rational polygons P suh that TP is disrete (hene lattie)
(suh billiards are alled almost integrable). Indeed, instead of hoosing one point in eah
orbit of the Pi,λ's in P, it sues to take all the points of the orbits of the Pi,λ's that lie
in P (and that are distint from O and A).
We an bound (badly but uniformly) the number of suh points as follows:
Proposition 5. If P is an almost integrable rational polygonal billiard with angles of the
form pi pi
q
(1 ≤ i ≤ n), if the diameter of P is D, if (v1, v2) is a basis of TP (that is a lat-
tie), then for every pair (O,A) in P, there exist a set of at most 8q
[
pi( D√
3
+ ‖v1‖+‖v2‖
2
)2
det(v1, v2)
]
bloking points.
Proof: inlude P in a disk of radius D√
3
, enlarge this disk by
‖v1‖+‖v2‖
2
and look at the
area (8q is larger than ard(GP/TP × {0, 1/2}{v1,v2})).

In fat, the onditions of this proposition (the fat of being an almost integrable billiard)
work only for the polygons onstruted by reeting C at its edges nitely many times
(we an add barriers along interior edges), where C is one of the following elementary
polygons:
• the right-angled isoseles triangle with angles (pi/2, pi/4, pi/4)
• the half-equilateral triangle with angles (pi/2, pi/3, pi/6)
• any retangle
This fat is a diret onsequene of the theory of reetion groups and hamber systems
(see [Bou℄ for an extensive study or [Car℄ for a brief introdution). The three elementary
polygons orrespond to the types C˜2, G˜2 and A˜1 × λA˜1 (λ > 0).
For example, the equilateral triangle, the square and the regular hexagon have the nite
bloking property.
Note that the translation surfae assoiated to the square is a (at) torus. We an no-
tie that the translation surfae assoiated to an almost integrable polygon is a torus
branhed overing (this is easy for one of the elementary polygons, the rest follows by
reeting). As we have seen in subsetion 1.2, the nite bloking property is preserved
by branhed overing and, sine 4 points sue to blok every geodesi between 2 xed
points in the torus, we have another bound for the number of bloking points for suh
billiards that depends on the degree of the overing.
With this remark, we an see that Proposition 5 an be seen as a onsequene of the only
fat that the square billiard (or equivalently the translation surfae R2/Z2) has the nite
bloking property. This last result seems to appear for the rst time in the Leningrad's
Olympiad in 1989 seletion round, 9th form (see [Fo℄). The problem was the following:
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Professor Smith is standing in the squared hall with mirror walls. Professor
Jones wants to plae in the hall several students in suh a way that professor
Smith ould not see from his plae his own mirror images. Is it possible? (Both
professors and students are points, the students an be plaed in orners and
walls).
The author of this problem was Dmitrij Fomin. None of the shool students solved it.
The booklet of the olympiad ontains an answer: 16 students, and an example of this
arrangement in oordinates.
Another onsequene of the fat that the torus R2/Z2 has the nite bloking property is
the
Proposition 6. There exists a translation surfae with the property that every geodesi
going from a singularity to itself has to meet rst another singularity. In other words,
this surfae does not have any saddle onnetion going from a singularity to itself.
Proof: let S be the translation surfae drawn in Figure 4.
PSfrag replaements
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Figure 4: Covering between S and R2/Z2 (the opposite vertial lines are identied by
horizontal translation, the vertial lines with the same style are identied).
The oloring allows us to see how to onstrut a overing pi : S → R2/Z2 of degree 2,
branhed at the points A = (0, 0), B = (1/2, 0), C = (0, 1/2), D = (1/2, 1/2). The
singularities of S are loated at the preimages of those four points.
The nite bloking property in the square says that three points in {A,B,C,D} blok
every geodesi from the fourth point to itself. Hene, by lifting, every geodesi from the
singularity pi−1(A) to itself in S has to meet one of the other singularities pi−1(B), pi−1(C)
or pi−1(D), and by symmetry it works for the three other singularities. 
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3 A loal lemma
A subylinder C is an isometri opy of R/wZ×]0, h[ in a translation surfae S (w > 0,
h > 0). w and h are unique and alled the width and the height of C.
The images in S of R/wZ × {0} and R/wZ × {h} (whih are well-dened if we extend
the isometry, whih is uniformly ontinuous, by ontinuity in S) are alled the sides of C.
The diretion of C is the diretion of the image of R/wZ × {h/2} (whih is a losed
geodesi).
A ylinder is a maximal subylinder (for the inlusion). By maximality, eah side of a
ylinder must ontain at least one singularity and is a nite union of saddle onnetions.
Let C1 and C2 be two ylinders with width w1 (resp. w2) and height h1 (resp. h2) in a
translation surfae S.
C1 and C2 are said to be parallel if their diretions are parallel.
C1 and C2 are said to be ommensurable if the ratios w1/h1 and w2/h2 are ommensurable.
We will study the ase where C1 and C2 are two dierent parallel ylinders whose losures
have a nontrivial (i.e. not redued to a nite set) intersetion. The situation an be
desribed as in Figure 5.
 
PSfrag replaements
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h2
C1
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(0, 0) l
Figure 5: The opposite vertial sides are identied by translation while the dotted
horizontal ones are glued with the rest of the surfae; we take (0, 0) as the origin; l > 0.
Lemma 1. Let S be a translation surfae that ontains two dierent parallel ylinders C1
and C2 whose losures have a nontrivial intersetion. If their widths are unommensurable,
then S fails the nite bloking property.
Proof: Up to a vertial dilatation, we an assume that h1 and h2 are greater than 1. In the
system of oordinates given in Figure 5, we set O = (w1− l/2,−1) and A = (w1− l/2, 1).
Sine
w1
w2
is a positive irrational number, N∗ − w1
w2
N∗ is dense in R so there exists two
positive integer sequenes (pn)n∈N and (qn)n∈N suh that:
• qn is stritly inreasing
• pnw2 − qnw1 ∈]− l, l[
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For n ∈ N, let γn be the geodesi starting form O with slope
2
qnw1 + pnw2
=
1
qnw1 + λn
=
1
pnw2 − λn
where λn = (pnw2 − qnw1)/2 ∈]− l/2, l/2[.
So, we an hek by unfolding the trajetory in the universal over of S (see Figure 6)
that γn passes qn times through the line {0}×]−h1, 0[, passes through (w1− l/2+λn, 0) ∈
]w1−l, w1[×{0}, passes pn times through the line {w1−l}×]0, h2[ and then passes through
A. So, γn lies ompletely in C1 ∪ C2∪]w1 − l, w1[×{0}.
PSfrag replaements
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Figure 6: The unfolding proedure.
PSfrag replaements
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Figure 7: Zoom on Figure 6.
Now, we assume by ontradition that there is a point B(x, y) in S distint from O and
A suh that innitely many γn pass through B. Hene, there is a subsequene suh that
for all n in N, γin passes through B. There are two ases to onsider:
First ase: y ∈]−1, 0]. By looking at the unfolded version of the trajetory (Figure 6), we
see that, if kin denotes the number of times that γin pass through the line {0}×]− h1, 0[
before hitting B, then (by alulating the slope of γin from O to B)
y + 1
(x+ kinw1)− (w1 − l/2)
=
2
qnw1 + pnw2
.
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So,
x− w1 + l/2 = (qinw1 + pinw2)(y + 1)/2− kinw1.
In partiular,
x− w1 + l/2 = (qi0w1 + pi0w2)(y + 1)/2− ki0w1
= (qi1w1 + pi1w2)(y + 1)/2− ki1w1.
Hene,
(pi1 − pi0)w2 + (qi1 − qi0)w1 =
2w1
y + 1
(ki1 − ki0) 6= 0.
So,
2w1
y+1
an be written as rw2 + sw1 where r and s are rational numbers.
Now, if n ≥ 1, we still have
(pin − pi0)w2 + (qin − qi0)w1 = (rw2 + sw1)(kin − ki0).
Beause (w2, w1) is free over Q, we have
• (pin − pi0) = r(kin − ki0)
• (qin − qi0) = s(kin − ki0) 6= 0 (remember that qn is stritly inreasing)
Thus, by dividing,
r
s
=
pin − pi0
qin − qi0
=
pin
qin
(1− pi0
pin
)(
1
1− qi0
qin
) −−−→
n→∞
w1
w2
∈ R \Q
leading to a ontradition.
For the seond ase, if y ∈ [0, 1[, it is exatly the same (just reverse Figure 6).
Thus, (O,A) is not nitely blokable, and S fails the nite bloking property.

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In the proof of Lemma 1, we have hosen the points O ∈ C1 and A ∈ C2 in suh a way that
the alulus was easy. In fat, almost all pair (O,A) ∈ C1 × C2 is not nitely blokable.
More preisely, we have the
Proposition 7. In the system of oordinates given in Figure 5, if α
def
= w1/w2 ∈ R \Q,
if Ai(xi, yi) ∈ Ci (i ∈ {1, 2}), if β def= −y1/y2 is unommensurable to α, then (A1, A2) is
not nitely blokable.
Proof: it is very similar to the proof of Lemma 1; the introdution of many parameters
just makes it heavier to read.
Let R
def
= −y2l + y2w1 − y2x1 + x2y1 − w1y1 + y1l (it is just an oset).
Let
I
def
=]
−R
w2y2
,
l(y2 − y1)− R
w2y2
[.
I is a non empty open set sine l(y2 − y1) > 0.
Sine
α
β
is a positive irrational number, N− α
β
N is dense in R so there exists two positive
integer sequenes (pn)n∈N and (qn)n∈N suh that:
• qn is stritly inreasing
• αqn − βpn ∈ I
Let
λn
def
=
y2w1qn + y1w2pn +R
y2 − y1 ∈]0, l[ (n ∈ N).
For n ∈ N, let γn be the geodesi starting form A1 with slope
y2 − y1
w1qn + w2pn + x2 − x1 =
−y1
w1qn + w1 − x1 − l + λn =
y2
w2pn − w1 + x2 + l − λn .
So, we an hek that γn passes qn times through the line {0}×]y1, 0[, passes through
(x1−l+λn, 0) ∈]x1−l, x1[×{0}, passes pn times through the line {x1−l}×]0, y1[ and passes
through A2. Stop γn here (see Figure 8). So, γn lies ompletely in C1∪C2∪]x1−l, x1[×{0}.PSfrag replaements
w1qn + w2pn + x2 − x1
w1qn + w1 − x1 − l + λn w2pn − w1 + x2 + l − λnλn
x1
−y1
w1 + w2 − l − x2
y2
Figure 8: The unfolding proedure.
Now, assume by ontradition that there is a point B(x, y) in S distint from A1 and A2
suh that innitely many γn pass through B. Let i ∈ ↑(N,N) be an extration suh that,
for all n in N, γin pass through B. There are two ases to onsider:
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First ase: y ∈]y1, 0]. By looking at the unfolded version of the trajetory (Figure 8),
we see that if kin denotes the number of times that γin pass through the line {0}×]y1, 0[
before hitting B, then
y1 − y
x1 − (x+ kinw1)
=
y2 − y1
w1qn + w2pn + x2 − x1 .
So, x− x1 = (w1qin + w2pin + x2 − x1)(y − y1)/(y2 − y1)− kinw1.
In partiular,
x− x1 = (w1qi0 + w2pi0 + x2 − x1)(y − y1)/(y2 − y1)− ki0w1
= (w1qi1 + w2pi1 + x2 − x1)(y − y1)/(y2 − y1)− ki1w1.
Hene, (pi1 − pi0) + (qi1 − qi0)α = α y2−y1y−y1 (ki1 − ki0) 6= 0.
So, α y2−y1
y−y1 an be written as r + sα where r and s are rational numbers.
Now, if n ≥ 1, we still have (pin − pi0) + (qin − qi0)α = (r + sα)(kin − ki0).
Beause (1, α) is free over Q, we have
• (pin − pi0) = r(kin − ki0)
• (qin − qi0) = s(kin − ki0) 6= 0 (remember that qn is stritly inreasing)
Thus, by dividing,
r
s
=
pin − pi0
qin − qi0
=
pin
qin
(1− pi0
pin
)(
1
1− qi0
qin
) −−−→
n→∞
α
β
∈ R \Q
leading to a ontradition.
For the seond ase, if y ∈ [0, y2[, it is exatly the same (just reverse Figure 8).
Thus, (A1, A2) is not nitely blokable.

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4 Finite bloking property in the regular polygons
Theorem 1. Let n ≥ 3 be an integer. The following assertions are equivalent:
• the regular n-gon has the nite bloking property.
• the right-angled triangle Tn with an angle equal to pi/n has the nite bloking prop-
erty.
• n ∈ {3, 4, 6}.
Proof: aording to propositions 3 and 5, it sues to prove that the seond assertion
implies the third one.
Suppose rst that n is odd. ZK(Tn) an be desribed as two regular n-gons P and P ′
symmetri one to eah other, with identiations along the sides (see Figure 9).
We number the verties of P (resp. P ′) ounterlokwise (resp. lokwise) from s0 to
sn−1 (resp. from s′0 to s
′
n−1) (see Figure 9).
PSfrag replaements
s0
s1
s2
s⌊n/2⌋
s⌈n/2⌉sn−1
sn−2
s′0
s′1
s′2
s′n−1
s′n−2
Figure 9: The translation surfae assoiated with the right-angled triangle with an angle
equal to pi/9 (identify the opposite sides).
Now, look at Figure 10.
In P∪P ′, (s0, s⌈n/2⌉) is parallel to (s1, s⌈n/2⌉−1), to (s2, s⌈n/2⌉−2), . . . , to (sn−1, s⌈n/2⌉+1),
to (sn−2, s⌈n/2⌉ + 2), . . . , and by axial symmetry with respet to (s⌊n/2⌋, s⌈n/2⌉), it is
parallel to (s′0, s
′
⌈n/2⌉), to (s
′
1, s
′
⌈n/2⌉ − 1), to (s′2, s′⌈n/2⌉ − 2), . . . , to (s′n−1, s′⌈n/2⌉ + 1), to
(s′n−2, s
′
⌈n/2⌉ + 2), . . . .
Let us all this ommon diretion the dashed one.
Do the same for the diretion (s0, s⌊n/2⌋) and all it the dotted one.
This leads to a triangulation of the surfae, eah triangle having an edge dashed, an edge
dotted and an edge that is an edge of P or P ′.
Now, take P as the base and glue all the triangles that lie in P ′ to the ones that lie in
P , thanks to the identiation between the edges of P and the edges of P ′ (this an be
done in an unique way) (this is the ut and paste operation).
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Figure 10: From the surfae assoiated to Tn to a more exploitable one in the same orbit
under GL(2,R) (n odd).
We have now a new representation of the surfae assoiated to Tn, by a planar polygon
with identiations along its sides that are only dashed or dotted sides.
Sine those two diretions are not parallel, it is easy to nd an element A of GL(2,R)
that put the dotted diretion to the horizontal, the dashed one to the vertial and that
preserves the lengths in those two diretions (this is the rotate and streth operation).
The surfae S obtained by the ation of A to the surfae assoiated to Tn is more ex-
ploitable for our purpose.
For 1 ≤ i ≤ n− 1, we denote di def= ||s0 − si||2.
We an remark that exatly one edge of P is dashed. Starting from this edge in S, it is
easy to reognize the shape of the Figure 5 with w1 = l = d2, w2 = d2 + d4, h1 = d1 and
h2 = d3.
We have w2/w1 = 1 + d4/d2 = 1 + 2 sin(4pi/n)/2 sin(2pi/n) = 1 + 2 cos(2pi/n) whih is
irrational if n ≥ 5. Hene, S and therefore Tn laks the nite bloking property if n 6= 3.
For the even ase, the translation surfae ZK(Tn) is onstituted by only one regular n-
gon with opposite sides identied. The onstrution is very similar, but the role of P is
played by the lower-half of the polygon, and the role of P ′ is played by its upper-half (see
Figure 11). In this ase, w2/w1 = 1 + 2 cos(2pi/n) is irrational if n /∈ {4, 6}.
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Figure 11: The even ase (n = 10).

Nevertheless, we an notie that the situation is not homogenous among dierent pairs
of points:
Proposition 8. For every regular n-gon (n even), there exists a nite set of points that
bloks every billiard path from the enter O to itself.
Proof: the set B onsisting in the enters of the edges and the verties is a (nite)
bloking onguration. Indeed, suppose by ontradition that γ is a billiard path from O
to O that does not meet B: it an be folded into a billiard path in the triangle Tn from
the vertex with angle pi/n to himself. This ontradits [To℄, Lemma 4.1. page 871 (a nie
argument on angles, measured modulo 2pi/n makes this fat impossible).

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This proposition is not so lear if n is odd, sine a billiard path γ in Tn starting from O
with angle pi/2n is oming bak to O after n bounes (see Figure 12).
Figure 12: By starting with an angle pi/2n, we are oming bak in O (n ∈ {5, 11} ⊂
2N+ 3).
It would be interesting to nd a rational polygonal billiard table P with the property
that no pair of points in P an be nitely bloked.
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5 Finite bloking property on Veeh surfaes
Proposition 9. Suppose that a translation surfae S is deomposable into ommensurable
parallel ylinders, in at least two dierent diretions.
Then S has the nite bloking property if and only if S is a torus overing, branhed over
only one point.
Proof: Let (Ci)ni=0 be a deomposition of S into parallel ommensurable ylinders, with
heights hi and weights wi (i ≤ n).
Starting from C0, by applying Lemma 1 step by step, we an see that all the wi's are
ommensurable (reall that S is assumed to be onneted).
Sine, for all i ≤ n, wi/hi is a rational number, we an dedue that all the hi's are
ommensurable. So, there exists h > 0 and (ki)
n
i=0 ∈ Nn+1 suh that for i ≤ n, hi = kih.
Then, eah Ci is deomposed into ki subylinders (Ci,j)kij=1 of height h (Ci,j is the image
of R/wiZ×](j − 1)h, jh[). Note that the singularities of S lie in the sides of the Ci,j's.
By hypothesis, we have the same kind of deomposition of S into parallel subylinders
(C′i,j)i≤n′,j≤k′i of height h′ in another diretion, with the property that eah singularity ofS lies in a side of C′i,j.
(Pi)i≤l def= (Ci,j)i≤n,j≤ki
∨
(C′i,j)i≤n′,j≤k′i
is a deomposition of S into parallel isometri parallelograms glued edge to edge.
This leads to a overing from S to P0 whose opposite edges are identied, i.e. from S to
a torus. Note that all the singularities of S lie in a vertex of some Pi, so they are sent to
a ommon point in the torus (the image of a vertex of P0).

Theorem 2. A Veeh surfae has the nite bloking property if and only if it is a torus
overing, branhed over only one point.
Proof: If the surfae is a torus, there is nothing to prove (both statements are true). Oth-
erwise, the genus of the surfae is greater than two, and then the surfae has at least one
singularity and therefore many saddle onnetion diretions. In eah saddle onnetion
diretion, a Veeh surfae admits a deomposition into ommensurable ylinders.

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6 Further results
The aim of this setion is to see how Lemma 1 an be used in dierent ontexts.
First, reall that Lemma 1 an be applied in the non-Veeh ontext sine:
• C1 and C2 do not need to be ommensurable (there is no ondition on the heights)
• the result is loal: if the onguration of Figure 5 appears somewhere in a surfae
S with w1/w2 ∈ R \ Q, then S laks the nite bloking property (see example on
Figure 13).
PSfrag replaements
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Figure 13: The surfae annot be fully deomposed into ylinders in the horizontal
diretion (the grey zone is a minimal omponent for the horizontal ow); identify the
lines with the same style, α ∈ R \Q, w1/w2 ∈ R \Q.
6.1 L-shaped surfaes
Let S be a L-shaped translation surfae; it is in the same GL(2,R)-orbit than some
L(a, b) (see Figure 14). Lemma 1 allows us to deide wether S has the nite bloking
property (we do not need S to be a Veeh surfae (suh surfaes were haraterized in
[M℄ and [Cal℄)).
PSfrag replaements
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Figure 14: The L-shaped translation surfae L(a, b) (identify the opposite sides by
translation).
Proposition 10. Let a and b be two positive real numbers. Then L(a, b) has the nite
bloking property if and only if (a, b) ∈ Q2.
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Proof: If L(a, b) has the nite bloking property, applying Lemma 1 in both horizontal
and vertial diretion leads to (1 + a)/1 ∈ Q and (1 + b)/1 ∈ Q, so (a, b) ∈ Q2.

6.2 Irrational billiards
The onstrution of Zemljakov and Katok is also possible when the angles of a polygon
P are not rational multiples of pi; in this ase, the group Γ is innite and the surfae is
not ompat. However, periodi trajetories an appear; we an even meet the situation
of lemma 1:
Proposition 11. There exists a non rational polygonal billiard that fails the nite bloking
property.
Proof: onsider the billiard drawn in Figure 15 and apply Lemma 1 on the pair of
ylinders dened by the grey zone.
PSfrag repla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Figure 15: A non rational billiard whose assoiated surfae ontains the onguration of
Lemma 1; θ ∈ R \Qpi, α ∈ R \Q.

6.3 A density result
A singularity σ ∈ Σ has a onial angle of the form 2kpi, with k ≥ 1; we say that σ is of
multipliity k − 1. If 1 ≤ k1 ≤ k2 ≤ · · · ≤ kn is a sequene of integers whose sum is even,
we denoteH(k1, k2, . . . , kn) the stratum of translation surfaes with exatly n singularities
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whose multipliities are k1, k2, . . . , kn. A translation surfae inH(k1, k2, . . . , kn) has genus
g = 1 + (k1 + k2 + · · ·+ kn)/2.
Eah stratum arries a natural topology that is for example dened in [Ko℄.
Theorem 3. In genus g ≥ 2, the set of translation surfaes that fail the nite bloking
property is dense in every stratum.
Sketh of the proof: The proof of this requires some material that is too long to desribe
here (like the preise denition of the topology on suh a stratum (for this we have to see
eah translation surfae as a Riemann surfae with an abelian dierential)). It sues to
prove that the translation surfaes that satisfy the hypothesis of Lemma 1 are dense in
eah stratum. For this, we begin to prove that translation surfaes that admit a ylinder
deomposition in the horizontal diretion, with at least two non homologous horizontal
ylinders, are dense (see [EO℄, [KZ℄, [Zo℄). Using the loal oordinates given by the
period map, we have the possibility to perturb the perimeters of two suh onseutive
non homologous ylinders in order to let them non ommensurable. We postpone the
preise proof for a further paper (see [Mo2℄).

In fat, we will prove in [Mo2℄ that the translation surfaes that fail the nite bloking
property is of full measure in eah stratum. Moreover, we will prove that nite bloking
property implies omplete periodiity; we will also give the lassiation of the surfaes
that have the nite bloking property in genus 2.
Of ourse, the notion of nite bloking property and the results presented in this paper
an be translated in the voabulary of quadrati dierentials.
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Conlusion
One an dene a stronger property: a planar polygonal billiard or a translation surfae
P is said to have the bounded bloking property if the number of bloking points an be
hosen independently of the pair (O,A). Does it exist polygonal billiard tables with the
nite bloking property but without the bounded bloking property?
Is it true that for general translation surfaes, the fat of being a torus overing is a nees-
sary and suient ondition to have the nite bloking property (resp. bounded bloking
property)? Is it true that for rational billiards, the fat of being almost integrable is a
neessary and suient ondition to have the nite bloking property (resp. bounded
bloking property)?
Note that for pieewise smooth billiard tables, the study of the nite bloking property
seems very diult, sine for an ellipse, even a ountable number of points do not sue
to blok every path from a fous to the other one.
Referenes
[Bos℄ M. Boshernitzan, Correspondene with Howard Masur (unpublished) (1986).
[Bou℄ N. Bourbaki, Groupes et algèbres de Lie, Ch 4, 5 et 6 (1981), Masson.
[Cal℄ K. Calta, Veeh surfaes and omplete periodiity in genus 2, J. Amer. Math. So.,
to appear.
[Car℄ D. Cartwright, A brief introdution to buildings, Harmoni funtions on trees
and buildings, Contemp. Math., 206, Amer. Math. So., Providene, RI, (1997),
4577.
[EO℄ A. Eskin, A. Okounkov, Asymptotis of numbers of branhed overings of a torus
and volumes of moduli spaes of holomorphi dierentials, Invent. Math. 145 (2001),
no. 1, 59103.
[Fo℄ D. Fomin, ZADAQI LENINGRADSKIH MATEMATIQESKIH OLIMPIAD, Leningrad
(1990), 77.
[HS℄ P. Hiemer, V. Snurnikov, Polygonal billiards with small obstales, J. Statist.
Phys. 90 (1998), no. 1-2, 453466.
[Kl℄ V. Klee, Is every polygonal region illuminable from some point?, Amer. Math.
Monthly 76(80) (1969).
[KW℄ V. Klee, S.Wagon, Old and new unsolved problems in plane geometry and num-
ber theory, Mathematial assoiation of Ameria (1991).
[KMS℄ S. Kerkhoff, H.Masur, J. Smillie, Ergodiity of billiard ows and quadrati
dierentials, Ann. Math. 124 (1986), no. 2, 293311.
23
[Ko℄ M. Kontsevih, Lyapunov exponents and Hodge theory, The mathematial beauty
of physis (Salay, 1996), p 318332, Adv. Ser. Math. Phys., 24, World Si. Publish-
ing, River Edge, NJ, 1997.
[KZ℄ M. Kontsevih, A. Zorih, Conneted omponents of the moduli spaes of
Abelian dierentials with presribed singularities, Invent. Math. 153 (2003), no. 3,
631678.
[MT℄ H. Masur, S. Tabahnikov, Rational billiards and at strutures, Handbook on
dynamial systems, Vol. 1A, 10151089, North-Holland, Amsterdam, (2002).
[M℄ C. MMullen, Billiards and Teihmüller urves on Hilbert modular surfaes, J.
Amer. Math. So. 16 (2003), 857885.
[Mo℄ T. Monteil, A ounter-example to the theorem of Hiemer and Snurnikov, J.
Statist. Phys. 114 (2004), no. 5-6, 16191623.
[Mo2℄ T. Monteil, Finite bloking property vs pure periodiity, preprint.
[ST℄ J. Shmeling, S. Troubetzkoy, Inhomogeneous Diophantine Approximation and
Angular Reurrene for Polygonal Billiards, Mat. Sb. 194 (2003), no. 2, 129144.
[To℄ G. Tokarsky, Polygonal rooms not illuminable from every point, Amer. Math.
Monthly 102 (1995), no. 10, 867879.
[Ve℄ W. Veeh, Teihmüller urves in moduli spae, Eisenstein series and an appliation
to triangular billiards, Invent. Math. 97 (1989), no. 3, 553583.
[Vo℄ Y. Vorobets, Planar strutures and billiards in rational polygons: the Veeh alter-
native, Russian Math. Surveys 51 (1996), no. 5, 779817.
[ZK℄ A. Zemljakov, A. Katok, Topologial transitivity of billiards in polygons, Mat.
Zametki 18 (1975), no. 2, 291300.
[Zo℄ A. Zorih, private ommuniation (2003).
24
